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CHARACTERIZATIONS OF BOUNDARY PLURIPOLAR HULLS 


IBRAHIM K. DJIRE AND JAN WIEGERINCK 


Abstract. We present some basic properties of the so called boundary relative extremal 
function and shed some light on Sadullaev’s question about behavior of different kinds 
of extremal functions. We introduce and discuss boundary pluripolar sets and boundary 
pluripolar hulls. For B-regular domains the boundary pluripolar hull is always trivial on 
the boundary of the domain. We present a “boundary version” of Zeriahi’s theorem on 
the completeness of pluripolar sets. 

1. Introduction 

Boundary behavior of analytic functions in one or several complex variables is a classical 
subject, starting with the work of Fatou, and the literature on it is so vast that it seems jus¬ 
tifiable to omit references. The boundary behavior of harmonic and subharmonic functions 
is also classical and well understood, e.,g., [T]. The boundary behavior of plurisubharmonic 
functions, however, is less well understood. In this paper we mainly study properties of the 
boundary extremal funetion A, D), which is a generalization of the classical notion of 
harmonic measure. 

Throughout the paper D will denote a bounded domain in C”, PSH(U) the family of all 
plurisubharmonic functions on D, and A a subset in the boundary of D. For any function 
M : U —^ R U {—oo} and x € D set 

u*{x) = limsup u{z) = lim sup u, 

z^x,zeD B{x,r)nD 

the upper semicontinuous regularization of u on U. We let ID) be the unit disc, T the unit 
circle and B the unit ball in C^. 

Siciak, cf. [12) . introduced the relative extremal function cu*, where w is defined as follows. 
Given an open set D in C" and a compact subset E oi D 

U!{z, E, D) = sup{it( 2 ); u G PSH(D),u < 0, m < —1 on E}, z G D. 

Siciak’s definition also makes sense for subsets A of dD. For z G D one defines, cf. 
[TOl HI [3] (note that [3] appeared as [4], but in this latter paper there is little reference left 
to the boundary extremal function), 

ui{z, A, D) = sup{u(z) : u G PSH(Il), m < 0, m* < —1 on A\. 

We will call A,D) the boundary relative extremal function. It is a special case of the 
(regularization of) the Perron-Bremermann function, hence is always maximal in D, cf. m- 
For a bounded function / on dD the Perron-Bremermann function u/ is defined as 

Uf = supji; G PSH(D),w* < / on dD}. 
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In [TU], Sadullaev gave different versions of oj. We will touch upon this in Section 2, 
where we will study u}{.,A^D) somewhat further and give some additional properties and 
applications of it. 

Following Sibony, cf. we will say that a bounded domain D C C" is B-regular if 

every / G C{dD) can be extended to a plurisubharmonic function on D that is continuous 
on D. In m it is proved that the following statements are equivalent: 

• D is B-regular; 

• For z G dD there is u G PSH(ZI) fl C{D) such that u{z) = 0 and u < 0 on D\ {z}; 

• There is u G PSH(£>) fl C{D) such that lim^^au it(z) = 0 and 2 u{z) — \z\'^ G 
PSH(£»). 

For a B-regular domain D and / G C{dD) we have Uf € PSH(II) fl C{D) and Uf = / on 
dD, cf. [2]. 

For A C dD, it can happen that any u G PSH(D) such that m*|a = —oo assumes the value 
—oo automatically on a bigger set in D. For instance, set B = {( 21 , 22 ) S C^, \zf\ + 12|| < 1}. 
Let C T be the closure of a half-circle. Set A = Ai x {0}. Any u G PSH(B) such that 
u* = —00 on A is identically —00 in {2 G C, \z\ < 1} x {0}. The phenomenon is similar to 
the occurrence of pluripolar hull Ed of a pluripolar subset E of a domain D in C". This 
notion was introduced by Zeriahi in m, and is defined as follows 

Ed = {2 G H : Vu G PSH(Z3) u\e = —00 => u{z) = — 00 }. 


We will call a subset A G dD b-pluripolar (boundary pluripolar) if there exists a u G 
PSH(£)), u < 0 , u ^ —00, such that A c {u* = — 00 } and we will call a subset A G 
dD completely b-pluripolar if there exists a it G PSH(II), it < 0, it ^ — 00 , such that 
{2 G dD, u*{z) = — 00 } = A. Zeriahi showed in [16] that if A C £> is pluripolar and 
an Fa as well as a Gj, then E is completely pluripolar, i.e., there exists it G PSH(ZI) with 
E = {z £ D : u{z) = — 00 }, if and only if E coincides with its pluripolar hull. We will 
define the boundary pluripolar hull in Definition 13.31 and employ uj{.,A,D) to describe this 
in Section 3 and 4. In Section 4 we will give a boundary version of Zeriahi’s theorem. 
The proof is close to Zeriahi’s. We will show that for B-regular domains the b-pluripolar 
hull A C D of a b-pluripolar set A is contained in A U D. It is perhaps mildly surpriz¬ 
ing that no hull is picked up at the boundary. In particular we have Corollary 14.61 that for 
B-regular domains every b-pluripolar set that is Gs as well as F^, is completely b-pluripolar. 


In his thesis, [14], Wikstrom considered the function V G PSH(B): 


V ( 2 ) = log 


D2 




and observed that D|{ 22 =o} = —00 inside B, but y*( 2 i, 0) = 0 for \zi\ = 1, indeed, D* = 0 on 
all of 9B, cf. [15], Example 5.5. This example suggested to us that something like Corollary 
14.61 could hold. 

Acknowledgement. The first author is supported by the international PhD programme ’’Ge¬ 
ometry and Topology in Physical Models” of the Foundation for Polish Science and he wishes 
to thank Professor Armen Edigarian for his help to accomplish this work. The authors are 
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improved the paper. 
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2. Properties of w 


Proposition 2.1. If Ai C A 2 C dD, then 

u!{.,A 2,D) < ui{., Ai, D). 

If Di C D 2 and A C dDi n dD 2 , then on Di we have 

u!{.,A,D 2) < ui{., A, Di). 


Proposition 2.2. Let D C C" be a bounded domain and A C dD. Then 


uj{.,A,D)= sup lu{.,V,D), 

AcV, V open 


and there is a non-increasing sequence (Vj)j of open neighborhoods of A in dD such that 
(1) lim uj{z,Vj,D) = u!{z, A, D), almost everywhere. 

j->oo 


Proof. Because of Proposition 12.11 it suffices to prove the existence of a sequence Vj such 
that 0 holds. By Choquet’s lemma there is an increasing sequence {uj)j C PSH(Il) so 
that Uj < 0 on H, u* < —1 on A and 

lim Uj = uj{., A, D), almost everywhere. 


Set Vi = {z £ dD,ul — 1 < —1} and Vj = {z £ dD,u* — 1/j < —1} fl y,_i 
Obviously Uj — 1/j < uj{., Vj, D) for all j hence we have (almost everywhere) 


uj{.,A,D) = lim Uj < lim uj{.,Vj,D) < uj{., A, D). 


for j > 1. 


□ 


Proposition 2.3. Let D be a domain in C", and let Ai £> A 2 L> A 3 £>■■ ■ be a sequence of 
compact subsets of dD and A = d^^Aj. Then at each point in D 

lim a;(., Aj,D) = oj(., A, D), 

j->-cc 

Proof. Clearly, uj{.,Ai,D) < oj{.,A 2 ,D) < ... hence the limit exists. Take a negative 
function v £ PSH(Il) such that v*\A < —1. As the seiV = {z £ D ■. v{z) — e < —1} is open 
and A is compact, we can find an open set U containing A such that U D D C V . There 
exists jo such that for each j > jo, Aj C U. Therefore v — e < uj{.,Aj,D) for j > jo. As 
a consequence, v — e < limj^oo ia>(., Aj, D), and so w(.. A, D) — e < limj_>oo w(., Aj, D), this 
for all e > 0. The opposite inequality is trivial. □ 

Edigarian and Sigurdsson, [4], define a domain D C C” to be weakly regular if for every 
relatively open subset Lf of dD we have 

uj*{.,U,D) <-Xu on dD, 

where xu is the characteristic function of U. They show that if D is Dirichlet regular in 
then D is weakly regular. In particular hyperconvex domain are weakly regular. 

Note that if D is weakly regular and U is relatively open in dD, then lo{.,U,D) = 
uj*{.,U, D), because uj*{.,U,D) belongs to the family defining oj{.,U,D). In particular 
uj*{.,U, D) is plurisubharmonic. 

Proposition 2.4. Let D C C” be weakly regular and A C dD. Then for all x in the interior 
of A we have 
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Proof. Let U = A°. Then for y G U we find 

-1 < ^*{y, A, D) < uj*{y, U, D) < -xu{y) = -1- 

□ 


Corollary 2.5. If D G C” is a weakly regular domain and A C dD is open, then 

uj{.,A,D)=uj*i.,A,D). 

Hence uj{.A, D) G PSH(Z?). 

Proposition 2.6. Let D he a weakly regular domain in C" and A C dD be open. Suppose 
that {Dj} is an increasing sequence of open subsets of D such that D = ADj and A C AjdDj . 
Then 

lim L>j{x, A, Dj) = ui(x, A, D), for x G D. 

J-s-oo 

Proof. Set V = A, Dj). By Proposition 12. 11 u}{.,A,Djj^i) < uj{.,A,Dj) and because 

A is relatively open, bj{.,A,Dj) S PSH(Dj), hence v > uj{.,A,D). Now v G PSH(D) and 
V* < —1 on A, therefore v < uj{., A, D). It follows that v = uj{., A, D). □ 

Remark 2.7. We don’t know if the condition that A be open, can be dropped. 

Proposition 2.8. Let D C C" he B-regular and A C dD. Then A, D) = 0 on 
dD\ (A)°. 

Proof. If dD \ {A)° is empty there is nothing to prove, if not let x G dD \ {A)° and r > 0. 
Let z G B{x, r) fl dD \ A and let U he a neighborhood of A that does not contain 2 . Then 
there exists / G C(dD, [—1,0]) such that / = —1 on A and / = 0 on dD \ U. We have 
Uf<u}{.,A,D). Thus 

0 = uf{z) < sup uf < sup oj{.,A,D) <0. 

B{x,r)r\D B{x,r)nD 

This holds for all r > 0. Hence 0 = limr_).o a;(., H, D) = uj*{x,A,D). □ 

What the definition of “right” boundary behavior should be, is not entirely clear. In m 
Sadullaev defines some alternative versions of the boundary extremal function, and in [lads] 
Wikstrom considers for smoothly bounded domains D as boundary value of m G PSH(£)) in 
a point 2 G dD the value u^{z) = limsup 2 ,g^^ u{x) where Nz is the real normal at 2 , or 
along a Koranyi-Stein region at z. He shows by an example that the limit may depend 
on the aperture a of the region. These alternate definitions of boundary values in general 
do not lead to upper semicontinuous functions on the closure of the domain. 

We review Sadullaev’s definitions, adapting the notation slightly to our situation. For 
the remainder of this section, D will be a smoothly bounded domain. Let Ca{f) = {z G D ■. 
|2 — ^1 < 01 ( 55 ( 2 )}, where f G dD, o > 1, and 5^{z) is the distance from 2 to the real tangent 
space at f to dD. Then for a function u on D, set 

u^(^) = sup lim sup u{z). 
a>l z-^^,zeCc{0 

Definition 2.9 (Sadullaev). Let D and A C dD. For 2 G D set 

• 011 ( 2 , A, D) = sup{u( 2 ), u G PSH(Z?) n C(D), u < 0, u\a < —1}, 

• o;( 2 . A, D) = sup{u( 2 ), u G PSH(D), u < 0, u^|a < ~l}i 

• oj‘i{z,A,D) = sup{u( 2 ),u G PSH(D)u < 0, limsup,j _,,5 u{z) < —1 for all Q G 
A}, where is the inward normal to dD at 
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Question 2.10 (Sadullaev, [10]). Let K C dD be compact. Clearly 

(2) uji{z, K, D) < uj{z, K, D) < uj{z, K, D) < u} 3 {z, K, D), ior z £ D. 

For which D and K and which of these boundary extremal functions do the upper semicon- 
tinuous regularizations coincide? 

As far as we know, little progress to this question has been reported. If D is B-regular, 
it is easy to see that uJi{z,K,D) = uj{z,K,D). Indeed, if u € PSH(Zl) and u* < —Xk, 
then, because u* is upper semicontinuous, there exists a. v £ C[dD) with v >u* on dD and 
V = —1 on K. Hence Vf > u, and the equality follows. 

For complete pseudoconvex Reinhardt domains, i.e., balanced multi-circular domains D 
and multicircular K we have the following result. 


Theorem 2.11. Let D be a smoothly bounded complete pseudoconvex Reinhardt domain 
in C”, and K C dD a multi-circular compact set that does not meet any of the hyper¬ 
planes {zj = 0}. Then all the inequalities in ([2|) are equalities. In particular this answers 
Sadullaev’s question, all the upper semicontinuous regularizations coincide. 


Proof. Let A C I? be an open polydisc with distinguished boundary T contained in K. By 
a linear change of variables, we can assume in the first part of the proof that A is the unit 
polydisc. Let u £ PSH(il), u < 0 and limsup 2 _>,^ u{z) < —1 for all ( £ K. Replacing 
u by max{u, —1}, we can assume that the limsup is a limit and equals -1. From the multi¬ 
circular assumptions on D and K, uq = n|^|, and because D is pseudoconvex is contained 
in A if C G T. Thus 

= {(^ + (1 - = {{t + (1 - ..., (t + (1 - t)r„)Cn) : t G [0,1]} 


for certain 0 < ri, r 2 ,... < 1. Recall that plurisubharmonic functions are n-subharmonic, 

so that for all w G A we find 


(3) 


< 


{27ry 


u{{t -I- (1 — t)r)w) < 

■ [ P{wi,Cl)---PiWnXn)u{{t-\-{l-t)r)C)‘^ ...^. 

Jt *Cl 


where P denotes the Poisson kernel for the unit disc, cf. [HI Thm. 3.2.4]. Because 


liinu((t-h(l-t)r)C = -l, C G T, 


the dominated convergence theorem gives that u = — 1 on A. 

It follows that u = — I on the open set E = UA, where the union is taken over all 
polydiscs A with distinguished boundary in K. Hence u{z) < oj{z,E,D), and hence also 
uj 3 {z,K,D) < uj{z,E,D). 

Let 7r(z) = (log \zi\,... ,log \Zn\) and for S C C”, let S'r = {x G K” : x = 7 r(z), z £ S'}. 
Moreover, for fl open and convex in R" and F C fl compact, put 


A{x, F, H) = sup{/(x) : / convex on fl, / < 0, /|f < —Ij- 
It is known, see jS] Proposition 3.4.1] and also [T3] that 

Lo[z, E, D) = A(7r(z), E^, Dr), 

and that A{x, F, fl) is already obtained as the supremum of affine functions. It follows that 
Lu(z, E, D) can be obtained as the supremum of affine functions of log|Zj|, (j = 1,... ,n), 
that are bounded by 0 on D and less then -I on E. We may replace all such functions u 
by = maxju, —1}. Because u £ PSH(U) C\C{D), we infer that uJ 3 [z, K, D) < 0 ^ 1 ( 2 :, K, D), 
which proves the theorem. □ 
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3. Boundary pluripolar sets and boundary pluripolar hulls 

As in the classical case the boundary relative extremal function can be used to describe 
boundary pluripolar sets. The characterizations of Sadullaev [in], Levenberg-Poletsky [7], 
also cf. |3], of pluripolar hulls and their proof also hold for b-pluripolar sets. We will include 
this result with its very similar proof for convenience of the reader in Proposition 13.51 As 
in the classical case a countable union of b-pluripolar set is b-pluripolar (Proposition 13.6|) . 
However, in contrast with the classical case where the relative extremal function uj*{.,E,D) 
of a subset E C D has the property that {z € E,u}*{z,E,D) > —1} is pluripolar, the set 
{z G A,uj*{z,A,D) > —1} is not in general b-pluripolar and the behavior of uj*{z,A,D) at 
the boundary of D is not very informative, see Example 13.41 

Definition 3.1. We say that a subset A G dD is a b-pluripolar set if there exists a u G 
PSH(£)), u < 0, u ^ —oo, such that u* = —oo on A. 

It is well known that a compact set AT C T in the boundary of the unit disc D is b-polar if 
and only if it has arc length 0, and that not all such sets are polar. Hence there exist b-polar 
sets that are not polar. This example can be modified to the several variables situation. 

Example 3.2. Let AT be a b-polar set in T that is not polar and let u be a subharmonic 
function on D such that m < 0 and u*\k = —oo. Consider the function v on the unit ball 
B C defined by v{z, w) = u{z'^ -\- w'^). Let 

A = {{z, w) G 51 : -f G AT}. 

Then v* = —oo on A, hence A is b-pluripolar. Now if A would be pluripolar we could 
find, invoking Josefson’s theorem, cf. |6], / G PSH(C^) so that /|^ = —oo. Consider for 
a G [0, 27r) the function /„ on C defined by fa{C) = /(C cosa, ( sin a). It is subharmonic or 
identically equal to —oo. Take a branch h(z) of i/z with branch cut not meeting AT. Then 
/„ o h = — oo on A'. It follows that fa = —oo. In particular / = — oo on C C^, which is 
not a pluripolar set. The conclusion is that A is not pluripolar. 

Definition 3.3. Let A C dD be b-pluripolar. The set 

{z € D : u*{z) = —oo, for all u G PSH(A)) with u ^ —oo, u < 0, u*\a = —oo} 
will be called the b-pluripolar hull of A and will be denoted by A. 

Example 3.4. Let A = Aa = {(e*'^ cos a, sin a) : 0, ■0 G [0,27r)} C 5B be the distin¬ 
guished boundary of a polydisc A„. We have a;*(., A,B) = 0 on 5B, see Proposition 12.81 
But every u G PSH(B) such that u*\A = —oo is identically —oo on the polydisc, hence 
It = — oo on B and A is not b-pluripolar. 

Similarly, for Em = LiJLiAaj , we also find a;*(., Am, B) = 0 on 5B. However, if we choose 
{aj)j a dense sequence in (0, 27r) we find for z G 5B 

0= lim w*(z, Am,B) 7 ^ a;*(z, lim Am,B) = —I. 

m—¥oo m—^oo 

Indeed, if it G PSH(ZI) is negative and m* < — 1 on all Em we have u < — 1 on Uj . 

Proposition 3.5 (cf. [TUI 17115]l. Let D C C" be a domain in C" and A C dD. Then the 
following conditions are equivalent : 

(1) cc*(.,A,D) = 0,- 

(2) A is b-pluripolar. 
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In this case 

AnD = {zGD, ui{.,A,D)<0}. 

In particular Ad D is pluripolar. 

Proof. If A is b-pluripolar, take any v € PSH(Z)), v < D, v ^ —oo such that v* = —oo on 
A. Then ev < lu(., A, D) for all e > 0, hence if for some z a;(z, A,D) <0 then v{z) = —oo, 
and it follows that z & A. Moreover, for all 2 such that v{z) > —oo we find u:{z, A, D) = 0, 
hence A, D) = 0. 

Assume now that uj*{.,A,D) = 0. Let z G D he such that uj{z,A,D) = 0. For j € N there 
is a negative uj G PSH(D) with u*\a < —1 and Uj{z) > —2~K Define 

OO 

v{y) = Yl'^oiy) (y^D). 

i=i 

Observe that v{z) > — 1, hence as a limit of a decreasing sequence of negative plurisubhar- 
monic functions, v G PSH(D), negative and not identically —oo. Moreover, v*\A = —oo. 
We conclude that A is b-pluripolar and z ^ A. Finally, as Ad D = {z G D ■. oj{z,A,D) ^ 
uj*{z,A,D)} is negligible, it is pluripolar. □ 

Proposition 3.6. Let D be a hounded domain in C". Suppose that A = djAj, where 
Aj C dD for j = 1,2,-••. If u)*{.^Aj^D) = 0 for each j, then uj*{.,A,D) = 0, hence a 
countable union of b-pluripolar sets is b-pluripolar. 

Proof. By Proposition 13.51 above, we can choose vj G PSH(D) such that vj < 0 on D and 
v*\Aj = —oo. Take a point a G {D \ oo})). By multiplying each of the functions 

V* by a suitable positive constant, we may suppose that Vj{a) > —2~K As in the proof of 
the proposition above we check that v = 'Yfj Vj G PSH(D), v < 0 on D , v ^ —oo on D and 
V* = —oo on A. By the previous proposition , a;*(., A, D) = 0. □ 

Proposition 3.7. Let D C be a B-regular domain and let A C dD be b-pluripolar. Then 

AddD = A. 

Proof. Obviously A C A d dD. Now let z G dD \ A. As A is b-pluripolar there exists 
u G PSH(I?) such that u < —1, u* = —oo on A. If u*(z) is finite, there is nothing to prove. 
We will assume u*{z) = —oo and construct a function v G PSH(D) 0 C(D \ {z}) so that 
{u -\- v)*{z) is finite and so that u -\- v is negative in D. This then shows that z ^ A. Let 


EzU) = {w GdD : 


1 , , 1 . 
—— <\z-w\< 

4j + 1 4j 


Because u* is use on dD and A is b-pluripolar, while Ez{j) is not b-pluripolar, u* assumes a 
maximum Mj on Ez(j) with —oo < Mj < —1, say in Wj G Ez{j). Let fj < 0 be continuous 
on dD, fj > u* and fj{wj) < u*{wj) -\- I and let 0 < Xj < I be a smooth function on dD 
with Xj(rcj) = 1 and compactly supported in < \z — w\ < and of sufficiently 

small size to be determined later. Then 


(4) 


and 


OO 

M* < XI on dD. 

i=i 


*{wj) > X fjXjiwj) - 1 for every j. 


i=i 


(5) 


u 
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Let Fj be the harmonic function on D, continuous on dD with boundary values —fjXj- The 
series represents a monotonically increasing sequence of harmonic functions that 

are continuous up to dD. By choosing the support of Xj sufficiently small, we can achieve, 
in view of Harnack’s theorem, that the series converges uniformly on compact sets in D\ {z} 
and represents a harmonic function on D that is continuous on Z? \ {z} and has boundary 
values -fjXj- 

Now let Vj = upj be the Perron-Bremermann function of —fjXj- Then 0 < Vj = v* < Fj 
on D with equality on dD because D is B-regular, and Vj is a continuous plurisubharmonic 
function. It follows that the series v = uniformly convergent on compact 

sets in D \ {z}, hence it represents a plurisubharmonic function that is continuous up to 
dD \ {z} with boundary values \ Then by (H]) and ([5]) we have 

k 

u* + v = lim {u* + Vk) < 0 and {u* + v){wj) > —1 for all j. 

k^oo 


Because u* + v* is use, we have that (u* +v*)(z) > — 1. 


□ 


Theorem 3.8. Let D C C" be B-regular and A C dD be a b-pluripolar set. Then 

A = AVJ{z&D, w(z, A, £>) < 0}. 


Proof. Combine Proposition [3^ and Proposition 13.71 □ 

Remark 3.9. Of course, if the domain is not B-regular, Proposition 13 . 71 is no longer valid. 
Take for D the standard open polydisc and let A = {(z, 1), |z| = 1}, then A is b-pluripolar, 
which is seen by considering log|u; — 1| and A = {(z,l),|z| < 1}. The same applies for 
domains with (fine) analytic discs in the boundary, cf. [11) . 


4. Completeness of b-pluripolar sets 

Definition 4.1. We say that a subset A G dD is completely b-pluripolar if there exists a 
u € PSH(D), u < 0, —oo, such that {z G dD, u*{z) = —oo} = A. 

Zeriahi,[T6] gave conditions under which a pluripolar set is completely pluripolar. Here 
we adapt Zeriahi’s result to boundary pluripolar sets. Our result requires only minor adap¬ 
tations. 


Proposition 4.2. Let D C C" be a B-regular domain and A C dD be a b-pluripolar set. 
Suppose that F and K are compact subsets of D with F G A and K G D \ A. Then for all 
C > 0 there exists ijjK G PSH(I?) O C{D) so that ipK < 0, -ipK < —C on F, and i/jk > —1 
on K. 


Proof. Let a G K G D \ A. Then there exists a negative u G PSH(Z?) so that u* = —oo on 
A and u*{a) > —oo. Set M = sup{M*(z) — u*{a), z G D}. Then 


w(z) = 


u{z) — u*{a) 


-1/2, forzGD, 


2(|M| + 1) 

is plurisubharmonic and w < 0 on D, w*\A = —oo, w*{a) = —1/2. By [TS], Theorem 4.1, we 
can find a sequence in PSH(I?) r\C{D) that decreases to w* on D. In particular there exists 
in view of Dini’s theorem a negative fa G PSH(Il) O C{D) such that fa < —C on F and 
/a(a) > w*{a) = —1/2 > —1. Then there exists a neighborhood 14 of a so that fa{z) > — 1 
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for all z S 14. By compactness we can find a finite subset of / C if such that K C Uae/14 
. Set ijjK = max{/a,a € 1} then 

ipK < 0, tpK G PSH(Z?) n C{D), ipK < —C on F, and ipK > —1 on K. 

□ 

Lemma 4.3. Let D be a domain in C". Let A C dD be b-pluripolar and let K C dD \ A 
be compact. Then there exists an L G D \ A such that K G L and LU K is compact. 

Proof. If K is empty there is nothing to prove. As K is compact there exist for every j G N 
Nj points Zji £ K, 1 < I < Nj such that K G LlfG^B{zjiA/j)- Because of Proposition 
13.51 A has empty interior and we can find a point wp £ (B(zji, 1/j) n L>) \ A. Now let 
L = {wij : 1 < I < Nj,j £ N}. Then the limit points of L belong to K hence K U L and if 
z £ K f] B{zij, 1/j) then \z — wij \ < 2/j, therefore z is a limit of a subsequence of L. □ 

Theorem 4.4. Let D be a B-regular domain in C”. Let A G dD be b-pluripolar, F an Fa 
set, G a Gs set in D such that F G A G G. Then there exists an E G D and a negative 
function ip £ PSH(L)) such that F G E G G, where E = {z £ D : ip*{z) = —oo}. 

Proof. Let / S PSH(D) be negative, /*|a = —oo and / ^ —oo. Then Go = {/* = —oo} C D 
is a Gs containing A with the property that dD \ Gq and D\Go are non-empty. Replacing 
G by G n Go, we have dD \ G and D\G are non-empty. Set F = UjFj where {Fj)j>i is an 
increasing sequence of compact sets in A, and D\G = £)jKj where {Kj)j is an increasing 
sequence of compact sets in D\G. Applying Lemma IT^ to Kj HdD, each Kj can be enlarged 
to a compact set Kj G D \ A with the property that Kj fl dD G Kj fl D. Replacing Aj_|_i 
by Kj+i U Kj if necessary, we can assume Kj G Kj+i. By Proposition 14.21 for each j > 0 
there exists tpj £ PSH(D) fl G{D) with 

(6) ipj < —2^ on Fj, and ipj > — 1 on Kj. 

The function ip = is negative. For z £ D\G there is J > 0 so that z G Kj and 

we find that 

J OO J 

(7) tpiz) = ^ 2-^ipj{z) + ^ 2-^ip^{z) > mf ^ 2-^ip^ - 1 > -Gj > -oo, 

i=i j=i+j j=i 

where Cj depends only on Kj, in view of the continuity of the tpj. It follows that ip is 
plurisubharmonic on D as limit of a decreasing sequence of plurisubharmonic functions. It 
satisfies ip* = —oo on F because of dH). Finally if z G dD \ G, then z £ Kj H D for some 
j and by d?]) ip*{z) > Gj, hence ip* > —oo on D \ G. Set E = {z £ D,ip*{z) = —oo} then 
F gE gG. □ 

Remark 4.5. In Proposition 14.21 and Theorem 14.41 we only used B-regularity to the effect 
that negative u £ PSH(_D) have the property that u* can be approximated on I? by a 
decreasing sequence of functions in PSH(i4) fl G{D). Domains with this approximation 
property were studied in where it is shown that B-regular domains and polydiscs have 
the approximation property. To our knowledge there are no other examples known. 

Corollary 4.6. Let D be a B-regular domain. Every b-pluripolar set A G dD that is a Gs 
as well as an Ea is completely b-pluripolar. If, moreover, A is a Gs, then A = {z £ D : 
ip*{z) = —oo}. In particular Ac\ D is completely pluripolar. 
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Proof. By Proposition [3l7] A= A. We apply Theorem 231 with F = A and G = AUD. 
The theorem gives us a negative if G PSH(T>) with A = {z € dD with iIj*{z) = —oo}. In 

particular, if ^ —oo on D, because it has finite boundary values on dD \ A, and hence A is 

completely b-pluripolar. 

If A is moreover a we apply the Theorem with F = A, G = A and obtain a function 

if such that 

(8) Ac{if* = -oo} C A. 

Now V'*U = “OO implies A C {if* = —oo}, hence the last inclusion in ([5]) is an equality. □ 

References 

[1] D.H. Armitage and S.J. Gardiner, Classical Potential Theory, Springer Monographs in Mathematics. 
Springer-Verlag London, Ltd., London, 2001. 

[2] E. Bedford and B.A. Taylor, The Dirichlet problem for a complex Monge-Ampere equation Invent. 
Math. 37 (1976), no. 1, 1-44. 

[3] A. Edigarian and R. Sigurdsson, The Relative Extremal Function for Borel Sets in Complex Manifolds, 
arXiv:math/0607313 i^l [math.CV] . 

[4] A. Edigarian and R. Sigurdsson, Relative Extremal Function and characterization of pluripolar sets in 
complex manifolds, Trans. Amer. Math. Soc. 362 (2010), no. 10, 5321-5331. 

[5] M. Jarnicki and P. Pflug, Separately analytic functions. EMS Tracts in Mathematics, 16. European 
Mathematical Society (EMS), Zrich, 2011. EMS Tracts in Mathematics, 16. European Mathematical 
Society (EMS), Zrich, 2011. 

[6] B. Josefson, On the equivalence between locally polar and globally polar sets for plurisubharmonic 
functions on C”". Ark. Mat. 16 (1978), no. 1, 109-115. 

[7] N. Levenberg and E. A. Poletsky, Pluripolar Hulls, Michigan Math. J. 46 (1999) 151-162 

[8] E. A. Poletsky, Holomorphic currents, Indiana Univ. Math. J., 42 (1993), 85-144. 

[9] W. Rudin, Function theory in polydiscs, W. A. Benjamin, Inc., New York-Amsterdam 1969. 

[10] A. Sadullaev, Plurisubharmonic measures and capacities on complex manifolds, (Russian) Uspekhi Mat. 
Nauk 36 (1981), no. 4 , 53-105. English translation in Russian Math. Suiweys, 36 (1981), no. 4 , 61-119. 

[11] N. Sibony, line classe de domaines pseudoconvexes, Duke Math. J. 55 (1987), 299-319. 

[12] J. Siciak, On some extremal functions and their applications in the theory of analytic functions of 
several complex variables, Trans. Amer. Math. Soc. 105 (1962), 322-357. 

[13] J. Thorbiornson, Three Papers on Extremal Plurisubharmonic Functions Thesis, Umea, 1989. 

[14] F. Wikstrom, Jensen measures, duality and pluricomplex Green functions Thesis, Umea, 1999. 

[15] F. Wikstrom, Jensen measure and boundary values of plurisubharmonic functions. Ark. Mat., 39 
(2001), 181-200. 

[16] A. Zeriahi, Ensembles pluripolaires exceptionnels pour la croissance partielle des fonctions holomorphes, 
Ann. Polon Math. 50 (1989), no.l, 81-91. 

Jagiellonian University, Department of Mathematics 

E-mail address: Ibrahiin.Djire@im.uj.edu.pl 

Korteweg-de Vries Institute, Universiteit van Amsterdam, Science Park 105-107, Amsterdam 

E-mail address: J.J.Q.Q.Wiegerinck@uva.nl 


